Entanglement swapping represents an important protocol for transferring information within quantum networks. Here we present a scheme to implement entanglement swapping with independently-prepared identical particles (bosons or fermions), exploiting the indistinguishability due to their spatial overlap. In this protocol no initial entangled pairs are required and, for fermions, even Bell state measurements have not to be performed. These features constitute both a conceptual and practical advance compared to the standard procedure. The scheme is straightforwardly extended to multiple swapping, which is basic for quantum repeaters and relays in quantum information processing.
Entanglement swapping represents an important protocol for transferring information within quantum networks. Here we present a scheme to implement entanglement swapping with independently-prepared identical particles (bosons or fermions), exploiting the indistinguishability due to their spatial overlap. In this protocol no initial entangled pairs are required and, for fermions, even Bell state measurements have not to be performed. These features constitute both a conceptual and practical advance compared to the standard procedure. The scheme is straightforwardly extended to multiple swapping, which is basic for quantum repeaters and relays in quantum information processing.
PACS numbers: 03.65.Ta, 03.67.-a, 03.65.Ud Entanglement swapping (ES) is an intrinsically quantum phenomenon which entangles two particles (i.e., elementary systems like photons, electrons, atoms and qubits) that do not share a common past, each particle being outside the light cone of the other. ES is a key process to implement quantum communication [1] [2] [3] [4] and is crucial to build quantum relays and quantum repeaters [5, 6] . In the standard ES procedure [7] , two entangled particle pairs are prepared [8] and a Bell measurement is successively performed on two particles of the different pairs. As a result, the remaining particles become maximally entangled even if they never interacted [9, 10] . ES has been experimentally realized, starting with two entangled pairs of photons created by standard parametric down conversion (SPDC) [11] [12] [13] . To exclude the possibility of initial classical correlations, some experiments have adopted two synchronized independent SPDC sources [14, 15] . Recently, ES has been successfully achieved in a quantum network, entangling two photons over a distance of 100 km [16] . In all the implementations, essential ingredients are the initial creation of entangled pairs (e.g., by SPDC or spontaneous four-wave mixing) and Bell measurements [17] . The overall efficiency of the process is jeopardized by the low creation rate of photon pairs in SPDC [18, 19] and by the difficulty in the realization of Bell measurements [17, 20] .
Typically, experiments employ identical particles, like photons, yet in configurations such that they can be distinguished. On the other hand, indistinguishability of identical particles has been identified as a resource for quantum information processing [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . For example, two separately prepared identical particles can be entangled in their pseudospin degrees of freedom by letting them impinging on the same 50:50 beam splitter [27] , thus overcoming the characteristic efficiency of methods like SPDC [18, 33] . Very recently, it has been demonstrated that independent indistinguishable particles can exhibit operational entanglement because of their spatial overlap which is exploitable to implement quantum information protocols, such as quantum teleportation [32] .
In the presence of spatial overlap, the identity of particles makes them individually unaddressable. As a result, an operational framework based on spatially localized operations and classical communication (sLOCC) is required, where specific spatial regions are chosen to make single-particle local measurements [31, 32] . A natural question is then whether this operational framework can be applied to identical particles (either bosons or fermions) for transfer of entanglement. In this work we address this issue, showing that a new conceptual protocol of ES can be realized which does not require the initial creation of entangled particles and, for fermions, even Bell measurements, with the advantage of increasing the overall efficiency of the process. We straightforwardly generalize this protocol to multiple swapping in quantum networks.
We take a system made of four identical particles (either bosons or fermions), prepared by four independent (space-like separated) sources {S i , i = 1, ..., 4}. Each particle is sent to the corresponding beam splitter BS i , as depicted in Fig. 1 . The two sources S 1 and S 2 independently prepare two parti- FIG. 1: Four-node scheme for the entanglement swapping by indistinguishable particles (bosons or fermions). Four independent singleparticle sources Si (i = 1, ..., 4) send each particle to the corresponding beam splitter (BSi). α and β are the (delocalized) spatial modes peaked in correspondence of the separated spatial nodes A-C and D-B, respectively. Post-selection by sLOCC leaves only one particle in each node and Bell measurements are finally performed.
cles with opposite pseudospin. Each beam splitter sends the particle with the same amplitude into two separated sites A and C, so that each particle is in the same delocalized spatial mode |α = (|A + |C )/ √ 2. Similarly, sources S 3 and S 4 generate the particles of the second pair with opposite pseudospin in the delocalized spatial mode |β = (|D + |B )/ √ 2 (right side of Fig. 1 ). All the nodes are spatially separated (the modes |α and |β are orthogonal) and the I-th node (I = A, B, C, D) is chosen such that only the localized bound state |I is present. The global four-particle quantum state [28] is therefore |Ψ (4) = |α ↓, α ↑, β ↓, β ↑ . From this state it is possible to obtain entanglement in the pseudospin degrees of freedom linked to the spatial overlap of particles in each pair. This is achieved by sLOCC [32] , which here consist in a postselection counting only one particle of the first pair in A and one particle of the second pair in B and classically communicating this outcome to each other. This post-selection can be implemented using, for instance, one absorbtionless particlecounting detector in A and one in B, which do not disturb the pseudospin state [27, [34] [35] [36] . Similar non-demolition measurements are applied in the other post-selections used along the paper. As a result, each node contains one particle and we obtain the state (see Appendix)
where |Ψ AC and |Ψ DB are the two-particle Bell states
with η = ±1 for bosons and fermions, respectively. Even if the particles have been independently prepared, as a consequence of sLOCC, the state |Ψ
PS shows that the pair of particles in A and C is maximally entangled in the pseudospin degrees of freedom, as the DB-pair. This state is obtained with probability P (4) = | Ψ (4) PS |Ψ (4) | 2 = 1/4. At this stage the particles can be distinguished, since they are in spatially separated sites. We stress that for each pair, if the particles are not identical, the same post-selection procedure does not give rise to an entangled state. The structure of the state of Eq. (1) allows to implement the standard protocol of entanglement swapping [7] : performing Bell measurements on near central nodes C and D transfers entanglement to the particles in the far nodes A and B. Notice that this procedure does not require, at the preparation stage, two entangled pairs. The present scheme works for both bosons and fermions, also when particles of different pairs are not identical. Moreover, in analogy with the standard ES, it can be naturally iterated by a cascaded procedure [37] to realize multistage entanglement swapping with n = 2N independently-prepared particles, being N the number of involved particle pairs. This is achieved by using a network with n − 2 separated central nodes, where each pair of identical particles (either bosons or fermions) is prepared with opposite pseudospins in an equal delocalized spatial mode peaked in correspondence of two separated nodes (as shown for the two pairs in Fig. 1 ). After obtaining a single particle in each central node and performing Bell measurements step by step onto two central nodes [37] , one eventually entangles the particles in the extreme nodes of the network with probability P (n) = 1/2 N .
Fermions.-Although ES protocols are typically realized by means of bosons (e.g., identical photons) [11] [12] [13] [14] [15] [16] , experimental techniques to control fermions in quantum networks have been recently developed [38] [39] [40] [41] [42] [43] [44] . Moreover, physical effects of indistinguishability mainly emerge under conditions of particle spatial overlap [32] . We now investigate how both fermionic statistics and spatial overlap can introduce further remarkable aspects in the ES protocol.
In particular, to highlight the role of spatial overlap we show that, if all the particles are indistinguishable fermions, the procedure of Fig. 1 can be modified so that ES is reached without Bell measurements. This is obtained by simply making the nodes C and D coincide, namely C = D := M. The node M is chosen, as before, such that only the localized bound state |M is present. As a consequence, the delocalized spatial modes |α = (|A + |M )/ √ 2 and |β = (|M + |B )/ √ 2 partially overlap in the shared intermediate node M, as illustrated in Fig. 2 . The initial four-fermion state |Ψ (4) f is simply obtained from |α ↓, α ↑, β ↓, β ↑ by dropping, because of the Pauli exclusion principle, the terms with the same pseudospin in the central node (same spatial state |M ) [45] . Now the aim is to create entanglement between particles in the far nodes A and B. By performing sLOCC as above, one gets the post-selected global state (see Appendix) where
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(4) It is evident that we have obtained a maximally entangled state of two-particle pseudospins over the distant nodes A and B, despite the latter are always independent and the particles do not share any common past. This state is obtained with prob-
We remark that this ES is reached without Bell measurements, just exploiting the indistinguishability of overlapping fermions in M. In fact, the spatial overlap of fermions in the intermediate site M plays the key role of an ES-gate. In different contexts where interaction plays a role (e.g., cavity QED), schemes for entanglement swapping without Bell measurements have been also developed [46] [47] [48] [49] .
Fermionic multiple swapping.-Multiple ES, which is useful to implement quantum communication in quantum networks, has been theoretically proposed and experimentally realized with distinguishable particles by extension of the standard procedure [37, [50] [51] [52] . On the other hand, the scheme of Fig. 2 can be straightforwardly iterated to create a novel protocol of multiple entanglement swapping by means of n identical fermions and k = N − 1 shared intermediate nodes M i (i = 1, . . . , k), where N = n/2 is the number of particle pairs. As displayed in Fig. 3 , each j-th pair (j = 1, . . . , N ) has opposite pseudospins and spatial mode |α j , with
The aim is to create entanglement between particles in the far nodes A and B. The initial n-fermion state |Ψ (n) f is formally obtained starting from the |α 1 ↓, α 1 ↑, . . . , α N ↓, α N ↑ simply by dropping, because of the Pauli exclusion principle, the terms with the same pseudospins in the intermediate nodes.
By making the usual sLOCC involving only the far nodes A and B as done before, the post-selected global state is
where |Ψ Mi = |M i ↑, M i ↓ and |Ψ − AB is the maximally entangled (Bell) state of Eq. (4). The probability to obtain the state above is P f (n) = | Ψ (n) f,PS |Ψ (n) f | 2 (see Appendix for its explicit expression). Thus, we have created entanglement of particle pseudospins in the independent distant locations A and B of the chain, starting with independently-prepared identical fermions, with neither Bell measurements nor counting particles in the intermediate nodes. In this case the swapping of entanglement happens from the entanglement due to indistinguishability within each completely overlapping particle pair |α i ↓, α i ↑ [32] to the farthest nodes. Therefore, we remark that the multiple swapping with fermions drastically differs from the standard protocol.
Bosons.-We now show that if identical bosons are made to overlap in the shared intermediate node in Fig. 2 
where Eq. (4) , while the distant sites A and B share the Bell states
As in the standard ES procedure, a joint (Bell) measurement in the shared intermediate node M determines the entangled state in which the first and the last boson of the chain collapse, each outcome occurring with probability p = 1/3. Since each of the three Bell states resulting from the joint measurement in M realizes the desired ES over A and B, the success probability of the process coincides with the probability of obtaining the post-selected state of Eq. (21), which is P b (4) = | Ψ
b,PS |Ψ
b | 2 = 6/25. This bosonic protocol can be extended, analogously to the standard ES, by a cascaded procedure [37] . The scheme is that of Fig. 3 with n ▲ ▲ ▲ ▲ ▲ 
We now compare the efficiency of the protocol for the various cases treated above, given the prepared state before postselection. We have already seen that, in the case of separated nodes, the success probability for both bosons and fermions is P (n) = 1/2 n 2 (see green squares in Fig. 4 ). In the case of shared intermediate nodes, the success probabilities P f (n) for fermions and P b (n) for bosons decrease in function of the particle number similarly to P (n), as displayed in Fig. 4 (orange points and blue triangles, respectively; see Appendix for explicit expressions). From this figure, one observes that the efficiency of the fermionic protocol decreases more slowly than the other two cases. Moreover, experimental implementation of Bell measurements further hinders the protocol efficiency [17, 20] . Therefore, the fermionic ES results in being not only qualitatively different, but also more advantageous from a practical viewpoint than the other procedures that necessarily require Bell measurements.
Conclusions.-In this work we have presented a new conceptual scheme for the implementation of (multiple) ES with identical particles which highlights the role that particle indistinguishability plays in the process. Standard ES, which holds for both non-identical and identical particles, is realized starting from entangled particle pairs and requires successive Bell measurements [7] . The first difference exhibited by our protocol relies in the fact that it exploits the indistinguishability of overlapping identical particles so that ES is implemented starting from independently-prepared particles. Another difference is that, under the condition of shared intermediate locations and in the case of fermions, even Bell measurements are not required. These aspects provide practical advantages which increase the efficiency of ES. In fact, they skip the use of sources of entangled particle pairs, which are for instance generated by SPDC at the very low rate of about 10 −2 for single laser pulse [18] , and avoid the experimental difficulties in performing Bell measurements [17, 20] .
We have shown the advantages of realizing the ES using identical fermions. The proposed fermionic scheme could be, for example, realized by using quantum dots as sources of single electrons that can be initialized in particular spin states [39] , emitted on demand [40] and directed to quantum point contacts acting as electronic beam splitters [41, 53] . Single electrons have been also recently shown to be controlled within atomic circuits [42] . Moreover, further setups in quantum optics, simulating fermionic statistics using photons and integrated photonics [43, 44] could, in principle, represent convenient platforms.
Our results make it emerge once more [32] that spatial overlap of identical particles constitutes an operational resource. In addition, they pave the way to a more stable multistage ES based on fermions.
For calculating the success probabilities of the proposed protocol under the different configurations, we need to compute scalar products between states of n identical particles. These are obtained by the n-particle probability amplitude defined in the non-standard approach (no-label particle-based formalism) here adopted [28, 31] , whose general expression is
where P = {P 1 , P 2 , ..., P n } in the sum runs over all the oneparticle state permutations and η P is 1 for bosons and 1 (-1) for even (odd) permutations for fermions.
Protocol with separated intermediate sites
The following calculations concern the scheme with four independently prepared identical particles (either bosons or fermions) and separated sites, depicted in Fig. 1 of the main text. A specific framework has to be chosen to obtain, from the prepared four-particle state
, an entanglement in the pseudospin degrees of freedom of the particles, exploiting the spatial overlap in each particle pair. We choose the sites A, B, C and D as separated localized spatial nodes of the network where measurements are performed, following the framework of spatially localized operations and classical communication (sLOCC) [32] . The prepared state |Ψ (4) can be written as superposition of 16 terms,
In the linear combination of Eq. (9), there are contributions in which two particles occupy the same site. We perform sLOCC in the form of a post-selection counting a single particle in each site A, B and classically communicating their outcomes to each other (notice that a single particle in A entails one particle in C and a single particle in B implies one particle in D). This post-selection corresponds to project the global four-particle state |Ψ (4) onto the subspace spanned by the spatially localized basis
where N = Ψ (4) |Π ACDB |Ψ (4) = 1/2. Its explicit expression is
that is |Ψ
DB (see Eqs. (1) and (2) in the main text). In Eq. (11) we have used the wedge product ∧ that, in this case of separated sites under sLOCC, coincides with the standard tensor product [31] . This state is obtained with probability P (4) = | Ψ (4) PS |Ψ (4) | 2 = 1/4. Notice that in this sLOCC framework, the prepared state |Ψ (4) can be written as |Ψ (4) = |α ↓, α ↑ ∧ |β ↓, β ↑ , from which one then obtains particle entanglement between (A, C) and (D, B), as evidenced in Eq. (11) . This is just the concept of indistinguishability as a resource by sLOCC introduced in Ref. [32] .
Since the sites (A, C) and (D, B) are separated, the identical particles can be distinguished by their spatial location. Once got the post-selected state |Ψ (4) PS , the entanglement swapping proceeds following the lines of the standard protocol for distinguishable particles [7] . Bell measurements are therefore performed on the intermediate nodes (C, D) to obtain entanglement over the far nodes A and B. In fact, one can write 
where
with IJ=AB, CD. The result of the Bell measurements does not depend on the particle statistics, as expected from the fact that the post-selected state describes identical particles in separated spatial regions under sLOCC. The previous protocol can be straightforwardly extended to multiple entanglement swapping (with n = 2N independently prepared particles, being N the number of involved particle pairs), in analogy to the case of distinguishable particles [37] , by a cascaded procedure with a success probability P (n) = 1/2 n 2 , as explained in the main text.
Protocol with shared intermediate sites
The following calculations regard the scheme with independently-prepared indistinguishable particles and shared intermediate sites, illustrated in Fig. 2 and in Fig. 3 of the main manuscript for the case of four particles and n particles, respectively.
Fermions

Four-particle case
We take as the prepared four-fermion global state |Ψ 
The sLOCC here follows the same line as done before, that is counting one particle in A and B and classically communicating the results to each other. Projecting therefore the 
In order to be more explicit concerning the cascaded procedure leading to the Bell states over A and B, we treat the case with n = 6 bosons (N = 3 pairs) and two shared intermediate nodes M 1 , M 2 . From the initially prepared state |Ψ 
where the relevant Bell states are analogous to those given after Eq. (21) (25) It is now clear that a second Bell measurement on the intermediate node M 2 has the final effect to transfer a Bell state over the far nodes A and B. Thus, for six bosons, two cascaded Bell measurements realize the desired entanglement swapping protocol. This procedure can be continued analogously for successive steps with more particles.
